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Abstract. In the context of extended Teleparallel gravity theories, we address the issue
of junction conditions required to guarantee the correct matching of different regions of
spacetime. In the absence of shells/branes, these conditions turn out to be more restrictive
than their counterparts in General Relativity as in other extended theories of gravity. In
fact, the general junction conditions on the matching hypersurfaces depend on the underlying
theory and a new condition on the induced tetrads in order to avoid delta-like distributions
in the field equations. This result imposes strict consequences on the viability of standard
solutions such as the Einstein-Straus-like construction. We find that the continuity of the
scalar torsion is required in order to recover the usual General Relativity results.
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1 Introduction
Teleparallel gravity is a gravitational theory for the translation group, associating a Minkows-
kian tangent space to every point of the spacetime. Teleparallel gravity parallelly transports
the so-called vierbeins/tetrads field, providing the name of the theory (c.f. [1] for a compre-
hensive review). In order to achieve this, the theory is constructed in terms of the so-called
Weitzenbo¨ck connection instead of the Levi-Civita connection. Unlike the Levi-Civita con-
nection, the Weitzenbo¨ck connection is not commutative under the exchange of the lower
indices, which not only induces a non-zero torsion, but also a zero Ricci scalar. Thus, the
covariant action for Teleparalell gravity is constructed in terms of the scalar torsion T . A
relevant feature of this theory lies in the fact that every solution of General Relativity (GR)
is also a solution for Teleparallel gravity. Moreover, some extensions of Teleparallel gravity
in the cosmological context have attracted some interest over the last few years. This is due
to the fact that Dark Energy may be described within the framework of these theories (c.f.
[2]).
In analogy of higher-order theories of gravity, such as f(R) theories [3], Teleparallel grav-
ity has been extended by constructing gravitational Lagrangians in terms of more complex
functions of the torsion scalar. They have been referred to as f(T ) theories. When introduc-
ing extra terms in the action, the aforementioned equivalence between GR and Teleparallel
gravity now does not remain between f(T ) and f(R) theories. However, the f(T ) gravita-
tional field equations are second order whereas modifications of General Relativity, such as
f(R) theories, are usually higher order. This results for instance in interesting differences,
because no extra gravitational waves modes (in comparison to GR) appear [4]. Furthermore,
the inflationary scenario has been studied in these theories [5], as well as the non-invariance
of the theory under local Lorentz transformations [6]. In addition, some other extensions
of Teleparallel gravity have also been proposed, such as conformally invariant actions in
Teleparallel gravity [7].
As it is widely known, extensions of Teleparallel gravity are not invariant under local
Lorentz transformations (see Ref. [6]). Thus, the field equations will be sensitive to the choice
of tetrads and consequently, the determination of the correct tetrad fields, leading to a metric
tensor with some desirable symmetries, has attracted some attention in the last few years.
The key-point lies in the requirement of a correct parallelisation of spacetime, i.e., the correct
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choice of tetrads, in order to guarantee a solution of the field equations while recovering the
desired metric. In fact, the choice of some tetrads may impose restrictions in the form of the
f(T ) theories able to satisfy the field equations. Authors in [8] have claimed that once good
tetrads have been chosen the functional form of f(T ) must not be restricted. Literature
devoted to this subtlety in Teleparallel gravity has mainly focused on standard solutions
such as Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) universes [9] or vacuum static and
spherically symmetric (Schwarzschild) solution [10]. Considerable attention has been devoted
to the Schwarzschild solution because of its importance [11–15]. The use of naive tetrad fields
which were expected to represent a Schwarzschild solution were shown to be inconsistent with
this solution [10], [12]-[14]. Nevertheless, a set of tetrads (the so-called Schwarzschild frame),
able to cover this solution can be obtained by performing a convenient boost (or rotation [8])
of the isotropic set of tetrads [10]. Moreover, in the context of f(T ) theories the existence
of vacuum solution with both vanishing R and T leads to f(T ) = T +O(T 2), for which the
Schwarzschild tetrads lead to vacuum solutions. In addition Birkhoff’s theorem has been
addressed after several attempts [8, 15, 16] leading to Schwarzschild-de Sitter solution with
applications in 3-dimensional scenarios [10].
Cosmological solutions in Teleparallel theories have also been given extensive coverage
in the literature [2]. Analogously to the subtleties about the correct choice of tetrads in static
scenarios, the use of diagonal tetrad in spherical coordinates in f(T ) theories, constrains the
gravitational Lagrangian, since fTT = 0 is a necessary condition to fulfill the field equations.
In other words, the f(T ) Teleparallel gravity would reduce to GR. Nevertheless, rotation of
these tetrads shows that no constraints on the f(T ) action appear and consequently, general
classes of f(T ) models are allowed, in principle in principle allowed [8]. The fact that rotations
suffice to find adequate tetrads providing either spherically symmetric and static solutions
or homogeneous and isotropic solutions, opens up the possibility of considering more general
local Lorentz transformations guaranteeing the existence of well-behaved tetrads.
The application of junction conditions is a key issue in every gravitational theory aiming
to describe satisfactorily, among other things, stellar configurations or collapsing bodies.
Since these conditions guarantee a smooth transition through the matching hypersurface
between different spacetime regions, their violation poses serious shortcomings in any theory
under consideration [17–19]. Previous work dealing with other types of extended theories
of gravity demonstrated that additional junction conditions with respect to standard GR
conditions are required. A case in point is f(R) gravity, where the scalar (Ricci) curvature
has to be continuous across the matching hypersurface when only jumps in the matter sector
are permitted (c.f. [20–22]). This result implies that matched solutions in Einstein gravity
will not necessarily exist in the context of fourth-order f(R) gravity due to the presence of
these additional junction conditions. With respect to Teleparallel gravity, i.e., f(T ) = T ,
this theory does recover the standard GR results, and consequently this fact demonstrates
that the usual Israel junction conditions [17] are satisfied in this case independently of the
tetrads, as the theory remains invariant under local Lorentz transformations. Nevertheless,
this is not the case in f(T ) theories with f(T ) 6= T , where the matching between two
different spacetime regions provides junction conditions different from those in GR. In this
paper we shall demonstrate that the presence of a new junction condition, which is absent in
Teleparallel gravity, plays a crucial role in the possibility of matching two different spacetime
regions. In the absence of branes, i.e., just considering the case of two different regions
of spacetime described by different metrics, the new conditions are f(T ) model-dependent
and require the continuity of the induced tetrad. It is not straightforward to combine both
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requirements in order to recover usual classical solutions. However, to illustrate this difficulty,
we attempt to construct the Einstein-Straus model, where an empty spherically symmetric
region is matched to a general FLRW metric [23]. Unlike the case of f(R) gravity where the
condition on the Ricci scalar does not allow one to reconstruct the Einstein-Straus model (c.f.
[21]), we shall show how this model may be reconstructed in f(T ) gravity by an adequate
procedure.
The paper is organised as follows: in Section 2 a brief introduction to f(T ) theories
is given. Section 3 deals with the Arnowitt-Deser-Misner (ADM) decomposition in these
theories. This decomposition, when a trivial redefinition of coordinates is performed, will
enable us to provide the key equations of our analysis in a transparent way once the spacetime
foliation is performed in the correct coordinates. Then, the junction conditions for f(T )
gravity are derived in Section 4. Section 5 is devoted to the reconstruction of the Einstein-
Straus model within these theories. We conclude in Section 6 with a discussion about possible
applications of our results.
Throughout the paper we shall follow the following conventions: Dµ will represent
the covariant derivative with respect to the Levi-Civita connection Γαµν and
•
Dµ holds for
the covariant derivative in terms of the Weitzenbo¨ck connection
•
Γαµν . Greek indexes such
as µ, ν... refer to spacetime indexes, the latin letters a, b, c... refer to the tetrads indexes
associated with the tangent space, while the latin letters i, j, k... express indexes of a 3-
hypersurface of the spacetime.
2 f(T ) gravity
Teleparallel gravity can be described as an orthonormal basis of tetrads ea(x
µ) defined in
the tangent space at every point xµ on the spacetime. Then, the metric can be expressed in
terms of the tetrads as follows
ds2 = gµνdx
µdxν = ηabθ
aθb , (2.1)
dxµ = e µa θ
a , θa = eaµdx
µ , (2.2)
where ηij = diag(+1,−1,−1,−1) and e µa eaν = δµν or e µa ebµ = δba. The tetrads eaµ represent
the dynamic fields of the theory.
Furthermore, in Teleparallel gravities, the connection describing the covariant deriva-
tives of tensors is given by the Weitzenbo¨ck connection instead of the Levi-Civita connection:
•
Γαµν= e
α
a ∂νe
a
µ = −eaµ∂νe αa , (2.3)
which leads to a vanishing scalar curvature but non-zero torsion. Then, the torsion tensor
Tαµν is defined as the antisymmetric part of the connection (2.3):
Tαµν =
•
Γανµ −
•
Γαµν= e
α
a
(
∂µe
a
ν − ∂νeaµ
)
, (2.4)
while the contortion tensor Kµνα is defined as the difference between the Weitzenbo¨ck and
the Levi-Civita connections:
Kαµν =
•
Γαµν −Γαµν =
1
2
(
T αµ ν + T
α
ν µ − Tαµν
)
, (2.5)
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or equivalently,
Kµνα = −
1
2
(T µνα − T νµα − T µνα ) . (2.6)
Furthermore, in order to construct the gravitational action, a tensor S µνα is defined, by using
the torsion and contortion tensors:
S µνα =
1
2
(
Kµνα + δ
µ
αT
βν
β − δναT βµβ
)
, (2.7)
whereas the torsion scalar is constructed contracting the torsion tensor (2.4) and the tensor
(2.7) as follows,
T = TαµνS
µν
α , (2.8)
Alternatively, the torsion scalar can also be expressed in terms of the torsion tensor:
T =
1
4
T λµνT
µν
λ +
1
2
T λµνT
νµ
λ − T ρµρT νµν . (2.9)
Then, the well-known action for Teleparallel gravity is given by [1]
SG =
1
2κ2
∫
e T d4x . (2.10)
In analogy of f(R) gravity, this action can be further generalised into more general functions
of scalar torsion:
SG =
1
2κ2
∫
e f(T )d4x . (2.11)
By assuming a matter action Sm =
∫
e Lmd4x with Lm being the matter Lagrangian, the
field equations can be obtained by varying the action (2.11) with respect to the tetrads,
yielding
S νρµ ∂ρTfTT +
[
e−1eiµ∂ρ (ee
α
i S
νρ
α ) + T
α
λµS
νλ
α
]
fT +
1
4
δνµf =
κ2
2
T νµ , (2.12)
where T νµ = e
ν
a
e
δLm
δe µa
holds for the matter energy-momentum tensor, fT = df(T )/dT and
fTT = d
2f(T )/dT 2. In addition, by using the contortion tensor (2.5), the relation between
the Ricci scalar and the torsion scalar yields,
R = −T − 2DµT νµν . (2.13)
Thus, it is straightforward to check that Teleparallel gravity is equivalent to GR, since the
covariant derivative in (2.13) can be removed in the action (2.10). Furthermore, the relation
(2.13) enables us to rewrite the field equations (2.12) in the more usual covariant description,
fT
(
Rµν − 1
2
gµνR
)
+
1
2
gµν (f(T )− fTT ) + 2fTTSνµρDρT = κ2Tµν , (2.14)
where Rµν and R the Ricci tensor and Ricci scalar, respectively. Let us stress at this stage
that by setting f(T ) = T , the field equations (2.14) reduce to the standard Einstein field
equations.
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3 ADM decomposition in Teleparallel gravity
In order to determine the junction conditions between different regions of a spacetime for
the theory studied in this paper, it is convenient to foliate the spacetime in hypersurfaces
orthogonal to the direction where the potential discontinuity may in principle lie. Although
the relevant split to address the junction problem will be of the form 3 + 1 where the first
three coordinates refers to one temporal and two spatial coordinates – the ones describing
the two-dimensional hypersurfaces – and the last one refers to the orthogonal coordinate
with respect to the boundary. This split can be understood as totally analogous to ADM
decomposition [24] up to signs issues, so we decided to illustrate the ADM decomposition in
the frame of f(T ) theories, a tool which will enable us to advance in Section 4. In fact, at
the beginning of Section 4 we provide the required change to go from one split (ADM) to
the other (3+ 1). Once these changes are introduced, both the discontinuities and Dirac-like
distributions appearing in the field equations can be more easily analysed using Gaussian
coordinates.
Let us then consider the usual ADM formalism and foliate the spacetime into hypersur-
faces of constant time, such that the metric can be written as follows
ds2 = N2dt2 − hij
(
dxi +N idt
) (
dxj +N jdt
)
. (3.1)
Then the Ricci scalar can be rewritten in terms of the above metric:
R = Θ2 −ΘijΘij +R(3) − 2√
hN
∂0(
√
hΘ) +
2
N
(
ΘN i − hijN,j
)
,i
, (3.2)
where Θij is the extrinsic curvature defined by
Θij = nµ;ν
∂xµ
dxi
∂xν
dxj
, (3.3)
and nµ is the normal vector to the hypersurface. Then, the extrinsic curvature on a hyper-
surface of constant time t yields
Θij = − 1
2N
(
h˙ij −DiNj −DjNi
)
. (3.4)
Here both dot and ∂0 denote derivative with respect to time t. In the case of f(T ) theories,
the set of tetrads which gives the metric (3.1), is not unique and each choice may lead to
different solutions. Consequently, for simplicity the following set of tetrads will be assumed
[25, 26]:
e0µ = (N,0) , e
a
µ = (N
a, hai) , (3.5)
where Na = haiN
i and hai is the set of spatial components of the tetrads. To simplify
the notation, let us use i = 1, 2, 3, which refer to the spatial indexes of the spacetime of
the hypersurface of constant time, while we denote now a = 1, 2, 3 for the tangential space,
separating the 0-component. Then, the above metric is related to (3.5) through (2.2), leading
to
hij = ηabh
a
ih
b
j , (3.6)
where again a, b = 1, 2, 3 are raised and lowered with ηab. Then, the torsion components are
given by,
T 0j0 =
∂jN
N
, T ij0 =
•
Dj N
i − N
i
N
∂jN − h ia ∂0haj , T ijk =(3) T ijk . (3.7)
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The expression of the torsion scalar can be easily obtained by using the relation (2.13) and
the expression of the Ricci scalar (3.2):
T = ΘijΘ
ij −Θ2 −R(3) + 2√
hN
∂0(
√
hΘ)− 2
N
(
ΘN i − hijN,j
)
,i
− 2DµT νµν . (3.8)
Alternatively and in analogy with the extrinsic curvature (3.4), we may define the extrinsic
torsion as follows,
•
Θij= − 1
2N
(
h˙ij−
•
Di Nj−
•
Dj Ni
)
, (3.9)
which is related to the extrinsic curvature (3.4) by
•
Θij= Θij − N
k
2N
(Tijk + Tjik) , (3.10)
whereas the scalar torsion can be rewritten in terms of the extrinsic torsion (3.9):
T =
•
Θij
•
Θ
ij
−
(
•
Θ +
Nk
N
T iik
)2
+ T (3) +
NkN l
2N2
T ijl (Tijk + Tjik) +
2Nk
N
T ijk
•
Θij
+
2
N
[
2√−h∂0
(√
−hN
i
N
T kik
)
+Dj
(
N iN j
N2
∂iN
)
− T iji∂jN
]
. (3.11)
In the next section, we use this formalism for foliating the spacetime into hypersurfaces
which act as matching boundaries between different regions of the spacetime. Thus the
ADM formalism has allowed us to express the geometrical sector of the f(T ) field equations
in terms of geometrical quantities defined on the boundary hypersurface.
4 Junction conditions
Let us now examine the junction conditions for a general f(T ) action. Here we consider the
case where only jumps in the matter sector are allowed, so that there are no shells/branes
located at the boundary, only discontinuities in the energy-momentum tensor. In other words,
the matter side of the equations does not contain any delta function in the distribution, which
forbids any delta function within the gravitational sector of the field equations. In order to
obtain the junction conditions, we can express the metric tensors in a Gaussian-normal frame
adapted to describe the aforementioned scenario with two regions:
ds2 = dy2 + γ∗ijdx
idxj . (4.1)
For this particular choice of the coordinates, the boundary between the two different space-
time regions can be located at y = 0, where γ∗ij is the induced metric or first fundamental
form on the matching hypersurface and each region of the spacetime induces a particular
metric. In comparison with the ADM decomposition, where the spacetime is foliated by
constant time hypersurfaces, here we have not assumed any particular foliation of the space-
time, keeping y as a general coordinate. Then, by following the definition (3.3), the extrinsic
curvature is given by,
Θij =
1
2
∂yγij . (4.2)
Note that the choice of Gaussian coordinates (4.1) excludes crossing terms between the y
and xi coordinates in the line element (4.1), in such a way that a 3 + 1 decomposition can
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be followed from the previous ADM decomposition by setting N i = 0 and replacing the
coordinate t by the unknown coordinate y, while the first fundamental form γij = −hij, as
the negative sign is removed in order to keep the hypersurfaces of constant y as general as
possible, with no particular time-like or space-like nature. Then, the set of tetrads describing
the metric (4.1) can be chosen as follows
eyµ = (1,0) , e
a
µ = (0, γ
a
i) , (4.3)
which yields γij = ηabγ
a
iγ
b
j . The non-zero components of the torsion tensor are given by
T iyj = γ
i
a∂yγ
a
j , T
i
jk =
(3)T ijk (4.4)
and the contortion tensor and the tensor S µνα are
Kyi j =
1
2
γik∂yγkj , K
ij
y =
1
2
ηab
(
γia∂yγ
j
b − γja∂yγib
)
, Kij k =
(3)Kij k ,
S yjy =
1
2
T ij i , S
yi
j =
1
2
(
γik∂yγkj
2
− δijγka∂yγak
)
, S ijy =
1
2
Kij y , S
ij
k =
(3)S ijk .
(4.5)
Thus, by using the above relations among this decomposition and the ADM decomposition
of the previous section, the torsion scalar (3.11) is easily obtained in terms of the extrinsic
torsion,
T =
•
Θij
•
Θ
ij
− •Θ
2
+T (3) , (4.6)
where the extrinsic torsion is given by
•
Θij= Θij =
1
2∂yγij . Lets remember that the foliation
of the spacetime is achieved by hypersurfaces of constant y. Then, the junction conditions
at the hypersurface y = 0 can be obtained by analysing the field equations for a general
f(T ) action through the equations (2.14). The y− y, y− j and i− j components of the field
equations are
fTGyy +
1
2
(f − TfT ) + fTTT iki∂kT = κ2Tyy ,
fTGyj +fTT
(
γik∂yγkj
2
− δijγka∂yγak
)
∂iT = κ
2Tyj ,
fTGij +
1
2
γij (f − TfT ) + fTT
[
S kji ∂kT + (Θij − γijΘ) ∂yT
]
= κ2Tij , (4.7)
where Gµν = Rµν − 12gµνR is the Einstein tensor whose components are given by [20]
Gyy = −1
2
(
ΘijΘ
ij −Θ2 + (3)R
)
,
Gyj = −∇i
(
Θij − δijΘ
)
,
Gij = ∂y (Θij − γijΘ) + 2ΘkiΘkj − 3ΘΘij +
1
2
γij
(
ΘklΘ
kl +Θ2
)
+ (3)Gij . (4.8)
Hence, the junction conditions can now be analysed on the hypersurface y = 0. It is straight-
forward to see that according to the definition of the extrinsic curvature, which contains first
derivatives of the induced metric across the boundary and the expression of the scalar torsion
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(4.6), the first fundamental form has to be continuous in order to avoid powers of deltas in
the expression of T . This leads to
[γij]
+
−
= 0 , (4.9)
which can also be expressed in terms of the tetrads as follows,[
ηabγ
a
iγ
a
j
]+
−
= 0 . (4.10)
Nevertheless, note that the above condition does not imply [γai]
+
−
= 0, as the choice of
tetrads is not unique. However, the second equation in (4.7) imposes continuity on the
induced tetrads in order to avoid delta-like distributions in the equations, which leads to the
second junction condition in f(T ) gravities (absence in Teleparallel gravity),
[γai]
+
−
= 0 . (4.11)
Furthermore, we see in the field equations (4.7) that the ij-component may also contain
delta-like distributions through the term,
fT∂y (Θij − γijΘ) + fTT (Θij − γijΘ) ∂yT = ∂y [fT (Θij − γijΘ)] ∝ [fT (Θij − γijΘ)]+− δ(y) ,
(4.12)
which gives
[fT (Θij − γijΘ)]+− = 0 . (4.13)
Hence, taking the trace of the above expression, the third junction condition is obtained,
namely
[fTΘij]
+
−
= 0 . (4.14)
Recall that by assuming fT = 1, i.e., Teleparallel gravity, the usual junction conditions of GR
are recovered, where (4.11) becomes irrelevant and (4.14) leads to [Θij ]
+
−
= 0. In addition,
the third junction condition is model-dependent which means that in general, matchings in
GR will not be able to be reconstructed in f(T ) gravity. Nevertheless, in order to recover the
solutions of GR, we may consider a more restrictive set of conditions that can be obtained
by imposing the continuity on both terms of the left-hand side (l.h.s.) of equation (4.12)
separately. This would involve the continuity of the second fundamental form or extrinsic
curvature:
[Θij]
+
−
= 0 , (4.15)
which consequently implies the continuity of the extrinsic torsion (3.11). Then, provided that
fTT 6= 0, the second term of the l.h.s. of (4.12) contains a divergence of the scalar torsion:
∂yT = ∂yT
+θ+(y) + ∂yT
−θ−(y) + [T ]+
−
δ(y) . (4.16)
which leads to the condition
[T ]+
−
= 0 . (4.17)
It is straightforward to check that (4.15) and (4.17) form a subset of the third condition
(4.14). In conclusion, the junction conditions for a general f(T ) Teleparallel theory turns
out to be (4.9), (4.11) and (4.14).
Nevertheless, note that the set of tetrads considered here (4.3) is not the most general
one, but just a particular choice. Let us consider now a general set of tetrads that describes
the metric (4.1),
gµν = ηabe˜
a
µe˜
b
ν . (4.18)
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The first fundamental form or induced metric on the hypersurface y = 0 is defined as follows,
γij = gµν
∂xµ
∂xi
∂xν
∂xj
= ηabe˜
a
µe˜
b
ν
∂xµ
∂xi
∂xν
∂xj
= ηabγ˜
a
iγ˜
b
j , (4.19)
where we have defined the induced tetrads as γ˜ai = e˜
a
µ
∂xµ
∂xi
. Note that for the set (4.3), the
induced tetrads are given by γai, defined in (4.3). Furthermore, as both sets of tetrads lead
to the same metric, (4.3) and (4.18) are connected by a Lorentz transformation,
e˜aµ = Λ
a
be
b
µ , (4.20)
while the torsion tensor for the general set of tetrads (4.18) can be written as,
T˜ λµν = T
λ
µν + ζ
λ
µν , where ζ
λ
µν = Λ
b
a e
λ
b e
c
[ν ∂µ]Λ
a
c . (4.21)
Thus the torsion scalar yields
T˜ = T +
1
2
T λµνζ
µν
λ + T
λ
µνζ
νµ
λ − 2T ρµρζνµν + ζ , (4.22)
where ζ = 14ζ
λ
µνζ
µν
λ +
1
2ζ
λ
µνζ
νµ
λ − ζρ µρζνµν . Then, the crucial term S˜ yij of the yi-
component of the field equations yields
S˜ yij = S
yi
j + ....−
Λ ba
4
(
e ib e
c
j∂yΛ
a
c + γ
imγjke
k
b e
c
m∂yΛ
a
c − 2δije kb eck∂yΛac
)
(4.23)
The component S yij contains terms as ∂yγ
a
j , which does not provide any delta-like dis-
tributions because of the second junction condition (4.11), so in order to avoid delta-like
distributions the Lorentz transformation should be the same on both sides of the bound-
ary, [Λab]
+
−
= 0, or in other words, the induced tetrads of the general set {e˜aµ} has to be
continuous,
[γai]
+
−
= Λ ab
[
γ˜bi
]+
−
= 0 → [γ˜ai]+− = 0. (4.24)
Following the same procedure, it is straightforward to check that the third condition (4.14)
has to also be satisfied when assuming the general set of tetrads (4.18).
Hence, the novelty of these results with respect to other extended theories of gravity
not only lies in equations (4.11) and (4.14), but also in the possibility of recovering the
GR junction conditions from (4.15) and (4.17). In the following section, we illustrate the
reconstruction procedure for the Einstein-Straus model in general f(T ) gravity.
5 The Einstein-Straus reconstruction
In this section let us consider the matching of two spacetime regions within the framework
of extended Teleparallel gravity. We focus on the so-called Einstein-Straus model [23]. This
reconstruction consists of an empty region with a point-like mass at the center, surrounded
by an expanding FLRW spacetime. The aim here is to match both regions within the general
framework of f(T ) gravity using the junction conditions found in the previous section. In the
original Einstein-Straus construction, the interior solution is described by the Schwarzschild
solution:
ds2 =
(
1− 2M
r
)
dt2 −
(
1− 2M
r
)−1
dr2 − r2dΩ2(2) , (5.1)
– 9 –
where dΩ2(2) = dθ
2 + sin2 θdφ2. On the other hand, the exterior region consists of a FLRW
spacetime, whose metric written in the usual comoving coordinates is given by:
ds˜2 = dt˜2 − a2(t˜)
(
dr˜2
1− kr˜2 + r˜
2dΩ2(2)
)
. (5.2)
Here the tilde is used to refer to those quantities defined in the FLRW region of the spacetime.
The boundary between both regions is located at r = R in the Schwarzschild spacetime
and at r˜ = R˜ in the FLRW spacetime, so that we can proceed to apply the junction conditions
shown in the previous section. To do so, let’s obtain the induced metric on the hypersurface
r = R from the Schwarzschild side, which yields
γijdx
idxj =
(
A2 − R˙
A2
)
dt2 −R2dΩ2(2) , (5.3)
where the indexes {i, j} refer to coordinates defined on the hypersurface r = R and A =(
1− 2Mr
)1/2
. Moreover, the induced metric from the FLRW region gives
γ˜ijdx
idxj = dt˜2 − a2(t˜)R˜2dΩ2(2) . (5.4)
According to the first junction condition (4.9), both induced metrics have to coincide, i.e.,
[γij ]
+
− = 0, which gives the following relations
R = a(t˜)R˜ and dt˜ =
√
A4 − R˙2
A
dt , (5.5)
leading to γij = γ˜ij . Let us now apply the second junction condition (4.11). For that purpose,
the following choice of tetrads for the Schwarzschild metric (5.1) is preliminarily assumed,
eaµ = diag
((
1− 2M
r
)1/2
,
(
1− 2M
r
)−1/2
, r, r sin θ
)
, (5.6)
while the non-null components of the induced tetrads lead to
γat = Aδ
a
t +
R˙
A
δar , (5.7)
According to the second junction condition, γat = γ˜
a
t, so the choice of tetrads in the FLRW
region is determined by such condition. Let’s assume the following set:
e˜aµ =


A a(t)R˙√
(1−kr˜2)(A4−R˙2)
0 0
R˙
A
a(t)√
(1−kr˜2)(1− R˙
2
A4
)
0 0
0 0 r˜a 0
0 0 0 r˜a sin θ

 , (5.8)
where we have assumed the change of coordinates (5.5). Then, it is straightforward to show
that the induced tetrads are continuous across the boundary.
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To analyse the third junction condition, we need to obtain the normal vector of the
hypersurface from both sides of the boundary. On the vacuum side we have
nµ =
A√
A4 − R˙2
(
−R˙δtµ + δrµ
)
, (5.9)
while on the FLRW side, we obtain
n˜µ =
a
1− kR˜2 δ
r˜
µ . (5.10)
Then, the non-zero components of the extrinsic curvature (3.3) on the Schwarzschild
side are
Θtt =
6A3A,r − 2A7A,r − 2A4R¨
2A(A4 − R˙2)3/2 , Θθθ =
√
A6R2
A4 − R˙2 , Θφφ =
√
A6R2
A4 − R˙2 sin
2 θ . (5.11)
In the FLRW region, we have
Θ˜θθ = a(t˜)R˜
√
1− kR˜2 , Θ˜φφ = a(t˜)R˜
√
1− kR˜2 sin2 θ . (5.12)
In addition, the scalar torsion for the Schwarzschild tetrads (5.6) is given by
T =
A
R
(
2A′ +
A
R
)
=
2
R2
, (5.13)
while the scalar torsion for the FLRW tetrads (5.8) yields
T˜ =
1
R2(A4 − R˙2)2
[
2(A4 − R˙2)2 − 2R
2
a2
(A4 − R˙2)(A4k + 3A2a˙2 − kR˙2)
+8R
√
1− kR2/a2A4R˙
√
1− R˙
A4
− 4R
√
1− kR2/a2A5
√
1− R˙
A4
R¨

 , (5.14)
where we have used (5.5). Let us now apply the third junction condition (4.14), i.e.,
[fTΘij]
+
−
= 0, to this setup. To do so, we may assume a particular action: for simplic-
ity let’s take f(T ) = Tm, which leads to the condition
R˙ = A4
[
1− A
2
1− kR2/a
(
T
T˜
)2(m−1)]
, (5.15)
where the usual Einstein-Straus model is recovered when T = T˜ . This is clearly not the
case, as can be seen by comparing (5.13) and (5.14). In order to recover the Einstein-Straus
result, the continuity on the torsion tensor has to be guaranteed, so that the more restrictive
conditions (4.15) and (4.17) have to be satisfied. However, as f(T ) gravity is not invariant
under local Lorentz transformations, different sets of tetrads may lead to different solutions
(see Ref. [6]). In particular, it is well known that diagonal tetrads in (5.6) do not allow the
existence of Schwarzschild solution for any action different from f(T ) = T , which obviously
reduces to Teleparallel gravity or equivalently to GR. Nevertheless, by transforming the orig-
inal set of tetrads (5.6) by applying a particular Lorentz transformation, the Schwarzschild
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metric might turn out to be a solution of a more general f(T ) action [8]. This situation
also appears in the case of non-flat FLRW metrics, as pointed out in Ref. [8, 10]. This is
also the case when matching different spacetime regions and one tries to recover the usual
Einstein-Straus model.
In order to keep the second junction condition (4.11) valid, the same Lorentz transfor-
mation is applied on both sides. Let us consider the transformation:
e′aµ = Λ
a
be
b
µ. (5.16)
As shown in the previous section, the first junction condition remains unaffected by the local
Lorentz transformation due to the fact that it can be expressed in terms of Lorentz invariant
quantities. Also the second junction condition (4.11) remains valid when applying the same
transformation. Nevertheless, the torsion scalar T is not a Lorentz invariant, which may lead
to (4.15) and (4.17) by the appropriate transformation, recovering the usual result of GR for
the Einstein-Straus model.
We consider the following rotation
Λab =


1 0 0 0
0 cosφ sin θ − (sinφ cosα+ cos θ cosφ sinα) sinφ sinα− cosφ cos θ cosα
0 sinφ sin θ cosφ cosα− cos θ sinφ sinα − (cosφ sinα+ sinφ cos θ cosα)
0 cos θ sin θ sinα sin θ cosα

 ,
(5.17)
where α = α(t, r). Then, by keeping α arbitrary, the torsion scalar (5.13) for the Schwarzschild
region evaluated at the hypersurface r = R, turns out to be
T ′ = 4
R− 2M +A(R−M) sinα+AR(R − 2M) cosα αr|r=R
R2(R− 2M) (5.18)
By also applying the rotation matrix (5.17) to the FLRW tetrads, the torsion scalar evaluated
at r˜ = R˜ = R/a becomes:
T˜ ′ =
−2
R2(A4 − R˙2)2
{
3R2
(
A6 −A2R˙2
) a˙2
a2
− 2RAR˙3
(
2
a˙
a
sinα+ cosααt
)
−
(
2− kR
2
a
)
R˙4
+A8
[
−2 + kR2/a2 − 2
(
sinα+
R cosααr|r=R
a
)√
(1− kR2/a2)(1− R˙2/A4)
]
+2A4R˙
[
−2RA˙
(
sinα+
√
(1− kR2/a2)(1− R˙2/A4)
)
+ R˙
(
2− kR2/a2 +
(
sinα+
R
a
cosααr|r=R
)√
(1− kR2/a2)(1 − R˙2/A4)
)]
+2RA5
[
sinα
(
2R˙
a˙
a
+ 1
)
+ R¨
√
(1− kR2/a2)(1− R˙2/A4) + R˙
a
cosααt
]}
. (5.19)
Then, it may be possible to get T ′ = T˜ ′ for an appropriate function α(t, r). Nevertheless, let
us be reminded that the expression for α(t, r) can not be obtained analytically in general but
would require numerical resources. In case of the existence of such function, the GR junction
conditions are recovered and in combination with (5.5), equation (5.15) leads in this case to
the following well-known result [21]:
1
a2
(
∂a
∂t˜
)2
+
k
a2
=
2M
R˜3a3(t˜)
. (5.20)
– 12 –
This condition requires that the FLRW side is filled with a pressureless fluid, whose energy
coincides with the energy enclosed in the Schwarzschild region. Note however, that while
keeping T 6= T˜ in (5.15), the matching between a FLRW spacetime and the Schwarzschild
solution will lead to different descriptions of the cosmic evolution that will depend on f(T ),
while using the above tetrads and a particular expression for α(t, r), it gives rise to (5.20)
independently of f(T ).
6 Conclusions
In this paper, we have obtained for the first time, the junction conditions matching two
regions of a spacetime within the framework of the so-called f(T ) theories of gravity, a
natural generalisation of Teleparallel gravity. One might have expected that since General
Relativity and Teleparallel gravity are equivalent theories, the scenario of equivalence might
be extrapolated to arbitrary functions of Ricci and torsion scalar, i.e., when comparing f(R)
and f(T ) solutions. However, we have shown above that f(R) and f(T ) do not constitute
equivalent theories as it is obvious from our expression (2.13). Therefore, matching results
in f(R) gravity theories do not provide in principle any hint about the phenomenology in
f(T ) theories.
Furthermore, the f(T ) field equations are not invariant under local Lorentz transfor-
mations, which may lead to different solutions while working with different sets of tetrads,
an element which is absent in other modified gravities. In this way, we have shown how
the non-invariance of the equations affects the accomplishment of the junction conditions.
For instance, the choice of the tetrads plays a crucial role due to the fact that the induced
tetrads on the boundary have to be continuous (4.11). We have illustrated this fact for the
Einstein-Straus model, where the matching between a Schwarzschild-vacuum solution and
a Robertson-Walker region leads to a different reconstruction from the one obtained when
this model is studied in pure Einsteinian gravity. In addition, the third junction condition
(4.14) depends upon the underlying gravitational theory, which leads to different config-
urations of the Einstein-Straus model unless one imposes continuity on the torsion scalar
(4.17), which may be achieved whenever a particular rotation is applied (on both sides of the
boundary), such that the General Relativity result can be recovered. A natural consequence
is that the Oppenheimer-Snyder collapse scenario [27], which represents the complementary
matching of the Einstein-Straus configuration, i.e., collapsing star to form a black hole, is
directly addressed since its existence and phenomenology is equivalent to the Einstein-Straus
construction studied here.
In addition, it is interesting to remember that a similar issue (existence of solutions
depending upon the chosen tetrads) arises when dealing separately with Schwarzschild and
Friedmann-Robertson-Walker metrics in the context of f(T ) theories. This may support
the idea of the existence of good and bad tetrads, as pointed out in Ref. [8]. In particular,
not only the existence of the second junction condition (4.11), absent in Teleparallel gravity,
affects directly the choice of tetrads, but also the third one (4.14) in case one wants to recover
the GR results by imposing continuity on the torsion scalar, which is not invariant under
local Lorentz transformations.
In summary, we have obtained the general junction conditions for every f(T ) gravity,
different from the ones of Teleparallel gravity, and explicitly given by (4.9), (4.11) and (4.14),
which implies the continuity of the first fundamental form, the induced tetrads and the
quantity fTΘij . These conditions depend upon both the f(T ) model and the choice of the
– 13 –
tetrads. This demonstrates not only the necessity of further study to determine appropriate
tetrad fields that describe the junction conditions properly, but also the necessity of analyzing
possible new solutions that arise depending on the f(T ) Lagrangian. Specifically, the idea
that the Israel equations in the presence of shells/branes could be of universal validity for
theories invariant under diffeomorphisms, as claimed for fourth-order theories of gravity [22]
constitutes a natural extension of this investigation.
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